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Perspective of nonlinear dynamics – E. Atlee Jackson 1989

ODE
PDE
SDE
FDE
MC
CA
PI
TN
VP
…

Quite Confused Actually





Quantum Cellular Automata
Local rule

𝑂𝑥 𝑡 𝑡 + 1

𝛼 𝑂𝑥 = 𝑈†  𝑂𝑥 ⊗ 𝐼  𝑈



Goal of my PhD:

classify QCA beyond 1d



Metamorphosis II – M. C. Escher 1940



𝑂𝑥 𝑡 𝑡 + 1

𝑂𝑦 𝛼(𝑂𝑦)

Classify: allowed Rules

𝛼 𝑂𝑥 , 𝛼 𝑂𝑦 ±
= 0



Any circuit is a QCA, trivial. but, not all QCA are circuits!

e.g. a shift 𝜏𝑎 𝑂𝑥 = 𝑂𝑥+𝑎

shallow

......

......

...

......

Classify: QCA modulo circuits



Quest for Complete Answers

• 1d Done-ish. Safe to cite, unsafe to extend.
• 2d “Define done”, there can be dragons.
• 3d+ Indistinguishable from folklore.

• Topological order Still arguing, politely.
• Interacting QFT Bless your heart.



✓ Classified translation-invariant nearest-neighbor QCA on ℤ𝑑

 - of qubits
 - of spinless (Majorana) fermions 

✓ Classification modulo circuits in 2d (no fermions)

Quick Checkpoint on Advances



Multiply 

Controlled-Phase
Site-wise 

unitary
Shift

Update Rules for Qubits



ForkingMajorana 

Shift

+ Update Rules for Majoranas

=

𝑋 = 𝑓† + 𝑓

𝑌 = 𝑖(𝑓† − 𝑓)



𝛼  ⊆ ⊂ 

Index: track information flow 

A B

C D

IND↑

IND→



Index  classification mod circuits

Unique Equivalence Classes: 

Shallow Circuits Shifts

IND 𝛼 = 0IND 𝛼 ≠ 0



Non-compact 2d     (no fermions) 

Any 2d QCA is a circuit followed by

an ∞ bunch of shifts

∼

No 1d invariants (unless for transl-inv case)



Non-compact 2d   

- Any d circuit is equivalent to a regular circuit

...... ......

∼
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