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Cellular

Automaton time
t+ 1
most general:
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e Time-discrete
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Thirring QCA

Cell
gh _ A R R
Uy uy uy




Thirring QCA Same site & opposite spins

— interaction
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Can many-particle scattering be
built consistently from two-particle
collisions?




Solve the interacting eigenvalue
equation:

JOWeY|¥) = A|¥P)
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Solve the interacting eigenvalue
equation:

JOWeY|¥) = A|¥P)

Encode coefficient relations
iInto an R matrix...
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Solve the interacting eigenvalue

. ... check consistency of
equation:

collision sequences

JOWeY|¥) = A|¥P)

Encode coefficient relations
iInto an R matrix...

R1oR13R3 = Ry3R 3R
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Coordinate
Bethe
Ansatz



Starting point:

COO rd I nate SuperpOSItloon of free eigenstates | CD].) with
the same eigenvalue A.

Bethe

WeN| . (k,s)) = Ak, 5) | D, (k,s))
Ansatz ] J

Scattering can mix these states.
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One-particle spectrum

— lSa)(k) < /2 -
A(s, k) =e 2
w(k) = arccos[n cos k] <

_n/z -

e C—— cm——
—— ‘l
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One-particle spectrum

O =&s)
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—11/2

HO) == UD)

—IT —11/2 0 /2 I
K
O Before & After the shift
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Two-particle degeneracy

A — /11/12
AQO) == AUO) S "
’ L
S- —11/2 -

A(O,0) = A(O, Q)
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Two-particle degeneracy

A — /11/12
AQO) == AUO) S "
’ L
S- —11/2 -

AO,0) = A, O)
|| ||
AO,0O) = A, O)

26

—11/2

O Before

0
K
&

/2

After the shift



Two-particle degenerate state

| Dk, 515k, 50)) = AP | D(O:;0))
+ AP |®(O:;0))
+ A DO O))
+ A DO O))

Exchange

Shift both

Exchange & shift both
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Coordinate
Bethe
Ansatz

[Wk,s)) = |F);+ V) +]|¥),




[W(k,s) = |[¥), + V) +[¥),

{Aj A } j.degeneracy




[W(k,s) = |[¥), + V) +[¥),

{Aj v } j.degeneracy

N12V=1 coefficients!



Solve for 2
particles ...
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Solve for 2
particles ...

... and add

a spectator
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Solving the 2-particle sector is not enough!
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Spin

Position
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Even
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Spin

Position
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Even

Odd



Time

Relative colour i1s conserved!

/

" Space
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Solve configurations with

Same colours

Spectator

Opposite colours
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R NI

I

Relative colour R matrix

1
| 0

a(u) b(u)
b(u) a(u)

R (W) =

0
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Embedding E into absolute colour space

e.g. E‘ =, * > — % [|‘9‘9‘> + “9‘9‘>]



Embedding E into absolute colour space

e.g. E‘ =, * > — % [“9‘9‘> + “9‘9‘>]




R(u)

6-vertex model R matrix

a(u) b(u)
b(u) a(u)

Absolute colours reveal a known scattering
structure.
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In the same ordered basis

Rrel Rrel Rrel

12 23
10 0 O ) 1 0 0 O ' 1 0 0 O ]
O1 O O 0 ay; 0 by 0 a5 bz O
0 0 ap by 0O 0 1 O 0 by; a3 O
_ 0 0 b, ap Rabs _ 0 bDy; 0 ay; Rabs _ 0O 0 O 1
1 0 0 0 23 1 0 0 O = 1 0 0 O
01 O 0 0 ay; 0 by 0 ay —-by3 0
00 ap, —bp 0O 0 1 O 0 -by; ap O
i 00 =byp ap i 0 by; 0 ap i 0 O 0 1

- Rrel Rrel Rrel Rrel Rrel Rrel
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In the same ordered basis

rel rel rel
R R R

12 23
10 0 O ] 1 0 0 O ] 1 0 0 0 )
01 0 O 0 ay; 0 by 0 a;; b3 O
0 0 a, b, 0 0 1 0 0 b3 a3 0
_ 0 0 by ap Rabs _ 0 by3 0 ay Rabs _ 0O 0 0 1
1 0 0 0 23 1 0 0 O = 1 0 0 0
01 0 0 0 ay 0 by, 0 a; —by; O
00 ap, —bp 0O 0 1 O 0 =by3 a3 0
] 0 0 —-by, ay | I 0 by3 O Yy i 0 O 0 1]

= Ry Ri3 Ry3 = Ry3 Ri3 Ry
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r-degeneracy
space

OR,
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Change of
basis

r-degeneracy 3 Relative colour
space space

O < =, 7
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Change of

. Embedding
basis o
r-degeneracy 3 Relative colour } Absolute colour
space space space
OR, =, # o0

Known integrable
structure
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Change of

. Embedding
basis o
n-degeneracy 3 Relative colour ) Absolute colour
space space space
OR, =, # o0

Known integrable
structure
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Change of

. Embedding
basis o
r-degeneracy 3 Relative colour } Absolute colour
space space space
OR, =, # o0

Known integrable
structure
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Can many-particle scattering be
built consistently from two-particle
collisions?




Yes, but...

.. Is the solution set complete?

... does it include bound states?

61



Yes, but... Algebraic Bethe Ansatz?

.. Is the solution set complete?

... does it include bound states?
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(I)TT(a) (DTT(a) (DTT(a) (DTT(a)

] D, (a) . — O, (a) . D .(a) . —O . (a)
— i(k|x T xX+x, A 11 i(k|x) T 00 i(Zk|x) 1 X+x, A 11 Ji(ZK|x) 1
I P(K,s)), = AW iklx) +(=DatRAlle + A + (= DatAlle ® | x
L xezgz " ®1(a) ! ~®(a) = @, (a) = —®;(a) >
1
D, (a) D, (a) D, (a) D, (a)

Cpy(a) Cpy(a)

. D, (a) . D .(a)
o - i(klx K RB, i(ck|x) | ~ !
| PRB(K, 5)), = ARBi(k[x) + ARB, ® | x
‘ ‘ — >I XEZQZI I’I (DlT(a) Z’I (I)Tl(a) >
CI)u(a) Cbu(a)
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Connection with the 6 vertex model

R(u) =

Ti

1 O 0
0 a(u) b(u)
0 b(u) a(u)
0 O 0

1,2 —iy 1,2
B CDHe iCIDTl

o A12 1,2
O et D

0
0

0
1
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TY(w) — T (u)
2

T () + T~ (u)
2

a(u) =

b(u) =

1,2
®"“ depend on vy, v,

v, = 00, (k)



Connection with the 6 vertex model

S-egi
Define v, = tanh @, , e"% =— ~ ., V=
Sje J
Uiy — 7
cosh( ] )
T+ = :
3] ulj+y
N e Teli + 1 Cosh( : )
= 1= - >
e_}/ i € - ulj_}/
smh( )
— 2
- — —
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Connection with the 6 vertex model

w;—y
T+ = COSh( . ) a(u) = T (u) — T~ (u) _ sinh u
U cosh < Mij;?’) 2 Slnh(u n }/)
sinh ( ;=Y ) :
T7 = ’ b() T (u)+ T (u) sinh y
l Wij U) = = —
] sinh ( ;}’) 5 Slnh(u " y)
1 0 0 0
1 O 0 O 0 sinh u sinh y
0 a(u) bw) O sinh(u +y) sinh(u + y)
= Rw= B ‘ - = Rey(u)
0 b(u) a(m) 0O sinh y sinh u 0

0
60 0 1 sinh(u +y)  sinh(u + y)
0 0 0 1
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Intertwining property: £ R’”el Rabs E ; E'E=1

rel rel rel abs rel rel __ _ pabs pabs pabs
E R RY R = RIS ERY RS = ... = RIS RIS RIS E
Yang-Baxter |]

E Rrel Rrel Rrel Rabs Rabs Rabs E

ET E Rrel Rrel Rrel ETE Rrel Rrel Rrel
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[Y(k,s)) = |¥),+ V)




