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2. 2. Local SU(3) Gauge transformations

• Starting point: Quark fields ψ =
(

ψαi

)







α = u, d, s, c, b, t (flavor index) Nf = 6 ←→ SU(Nf )

i = 1, 2, 3 (color index) Nc = 3 ←→ SU(3)c

where ψαi is a 4-component Dirac-spinor.

Consider Quark fields with color degree of freedom and their free Lagrangian:

ψ =








ψ1

ψ2

ψ3








, L0 = ψ̄
[

iγµ∂
µ − m

]

ψ (2.11)

• Local SU(3)c gauge transformations

ψ(x) −→ ψ̃(x) = U ψ(x) (2.12)

with U = exp

[

− i θa(x)
λa

2

]

where θa(x) is a real function with a = 1, 2, · · · , 8.

Hypothesis : Physics of strong interaction of quarks is invariant under gauge

transformation: ψ(x) → U(x) ψ(x).

SU(3)c is a non-abelian gauge group.

• Gauge covariant derivative:

Dµ = ∂µ − i g Aµ(x) (2.13)

where g is a dimensionless coupling strength analogous to e in QED.

Aµ(x) =
8

∑

a=1

ta Aa
µ(x) (2.14)

Introducing Aa
µ(x), SU(3)c gauge fields “gluons”,

L1 = ψ̄(x)
[

iγµD
µ − m

]

ψ(x) (2.15)

Lagrangian L1 becomes gauge invariant.

D̃µψ ≡ ∂µψ̃ − i g Ãµψ̃ = U
(

DµU
)

Ãµ = U
[

Aµ −
i

g
U † ∂µU

]

U †
(2.16)
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• Infinitesimal gauge transformation

U = exp
[

− i θa(x) ta
]

" 1 − i θa(x) ta + · · · (2.17)

transformation of gauge field up to terms linear in θa(x)

Aµ
a(x) → Ãµ

a(x) = Aµ
a(x) −

1

g
∂µθa(x) + fabcθb(x)Aµ

c (x) (2.18)

• Gluons are massless (a mass term mgAµ
aA

a
µ would not be gauge invariant).

• Gluonic field tensors:

If one would take the form analogous to QED,

F a
µν(x) = ∂µAa

ν(x) − ∂νA
a
µ(x), (2.19)

not gauge invariant in QCD.

Introduce additional term to obtain gauge invariant Gluonc field tensor.

Ga
µν(x) = ∂µAa

ν(x) − ∂νA
a
µ(x) + g fabc Ab

µ(x) Ac
ν(x) (2.20)

Gµν ≡ ta Ga
µν =

i

g

[

Dµ , Dν

]

(2.21)

• Gluonic Lagrangian:

Lglue = −
1

4
Ga

µν(x) Gµν
a (x) = −

1

2
tr

{

Gµν Gµν
}

(2.22)

2. 3. QCD Lagrangian

• QCD Lagrangian:

LQCD = ψ̄
(

iγµD
µ − m

)

ψ −
1

2
tr

{

Gµν Gµν
}

(2.23)

with Dµ = ∂µ − igAµ(x).1

1 Remark : frequently Aµ → gAµ

⇒ LQCD = ψ̄
(

iγµ(∂µ − iAµ) − m
)

ψ −
1

2g2
tr

{

Gµν Gµν
}
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, ta =
λa

2
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La teoria sottostante

Cromodinamica Quantistica
QCD
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La struttura del nucleo



Il “nuclear landscape”

11

Neutroni

P
ro

to
ni

Nuclei conosciuti

Nuclei stabili

Stelle di neutroni

Terra
incognita



Il “nuclear landscape”

11

Neutroni

P
ro

to
ni

Nuclei conosciuti

Nuclei stabili

Stelle di neutroni

Terra
incognita



Sonde leptoniche
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La struttura del nucleone
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Monodimensionale, simile alla sequenza 
degli aminoacidi di una proteina



La nuova frontiera:
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Struttura multidimensionale
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Spin dei
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Momento ang. 
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Momento ang. 
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Aspetti formali Metodi analitici

Modelli Metodi analitici
e numerici

Estrazione dai dati Metodi numerici

f1(x, kT ;Q) =
1
2�

�
dbT J0(kT bT )[C � f1](x, bT ) e�S�(bT ,Q)

f⇥1T (x, kT ;Q) = � 1
2�kT

�
dbT bT J1(kT bT )e�ikT bT [CS ⇥ f⇥1
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Esperimenti: ad es. Jefferson Lab
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Protons and neutrons constitute the 

building blocks of normal matter, 

accounting for almost all the mass 

of our world. We are still far from 

understanding the intricacies and 

mysteries of their inner structure. 

In the course of several decades of 

successful studies, we dedicated 

our e!orts to delving deeper and 

deeper into them. A few years 

ago, thanks to a fruitful synergy 

of theoretical and experimental 

progress, we started to collect 

unprecedented multi-dimensional 

images of the distribution of 

quarks and gluons inside protons 

THE PROTON IN 3D

ALESSANDRO BACCHETTA1*, MARCO CONTALBRIGO2**

1 Università di Pavia and INFN Pavia, Italy

2 INFN Ferrara, Italy

SCIENZA IN PRIMO PIANO

1  Introduction

Atoms are made of protons, neutrons, and electrons, approximately in equal 

numbers. Electrons weigh about 0.5 MeV, protons and neutrons about 1000 MeV. 

It follows that nucleons (i.e., protons and neutrons) are responsible for about 

99.97% of the mass of matter around us.

When we study nucleons, we are embarked on the quest to understand the 

ultimate constituents of matter, one of the most fascinating adventures of the 

history of human thought.

Nucleons are not elementary particles. They have an extension of the order of 

1 femtometer (10–15 m). The nucleon is thus a “femtostructure”, i.e., one million 

times smaller than nanostructures. The smallness of this scale is astonishing. 

Resolving the internal structure of the protons (10–15 m) in the magazine you are 

 m) is similar to reading the magazine from outside the Solar System 

http://www.sif.it/attivita/saggiatore/econtents
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